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Abstract. 

We show that the Yang-Baxter equations for two dimensional models admit as a group 
of symmetry the infinite discrete group ■ The existence of this symmetry explains the 
presence of a spectral parameter in the solutions of the equations. We show that similarly, for 
three-dimensional vertex models and the associated tetrahedron equations, there also exists 
an infinite discrete group of symmetry. Although generalizing naturally the previous one, 
it is a much bigger hyperbolic Coxeter group. We indicate how this symmetry can help to 
resolve the Yang-Baxter equations and their higher-dimensional generalizations and initiate 
the study of three-dimensional vertex models. These symmetries are naturally represented 
as birational projective transformations. They may preserve non trivial algebraic varieties, 
and lead to proper parametrizations of the models, be they integrable or not. We mention 
the relation existing between spin models and the Bose-Messner algebras of algebraic combi- 
natorics. Our results also yield the generalization of the condition q n = 1 so often mentioned 
in the theory of quantum groups, when no q parameter is available. 



Talk given at the COMO meeting 'Advanced quantum field theory and Critical Phenomena" (1991) 
and the LUMINY "Colloque Verdier sur les systemes integrables" (1991) 

work supported by CNRS 

Postal address: Laboratoire de Physique Theorique et des Hautes Energies 
Universite Paris VI, Tour 16, l cr etage, boite 126. 
4 Place Jussieu/ F-75252 PARIS Cedex 05 



1 Introduction 



The results presented here appear in a series of papers by M. Bellon, J-M. Maillard and 
C-M. Viallet igiiig. 

The Yang-Baxter equations, which appeared twenty years agoS, have acquired a predom- 
inant role in the theory of integrable two-dimensional models in statistical mechanics \12. 13[ 



and field theory (quantum or classical). They have actually outpassed the borders of physics 
and have become fashionable in some parts of the mathematics literature. They in particular 



support the construction of quantum groups fllj, [L5[ 



The Yang-Baxter equations ||T3| and their higher dimensional generalizations are now 
considered as the defining relations of integrability. They are the "Deus ex machina" in 
a number of domains of Mathematics and Physics (Knot Theory JIEfl , Quantum Inverse 



Scattering [17], S-Matrix Factorization, Exactly Solvable Models in Statistical Mechanics, 



Bethe Ansatz ||18|| , Quantum Groups [19|, |15j, Chromatic Polynomials and more awaited 



deformation theories). The appeal of these equations comes from their ability to give global 



results from local ones. For instance, they are a sufficient and, to some extent, necessary |2T 
condition for the commutation of families of transfer matrices of arbitrary size and even of 
corner transfer matrices. From the point of view of topology, one may understand these 
relations by considering them as the generators of a large set of discrete deformations of the 
lattice. This point of view underlies most studies in knot theory |16| and statistical mechanics 
(Z-invariance Wl 



We want to analyze the Yang-Baxter equations and their higher dimensional general- 
izations ^ |27| without prejudice about what should be a solution, that is to say 
proceed by necessary conditions, and have as an input the form of the matrix of Boltzmann 
weights. 

We will exhibit an infinite discrete group of transformations acting on the Yang-Baxter 
equations or their higher dimensional generalizations (tetrahedron, hyper-simplicial equa- 
tions). 

These transformations act as an automorphy group of various quantities of interest in 
Statistical Mechanics (partition function,...), and are of great help for calculations, even 
outside the domain of integrability (critical manifolds, phase diagram,. . . ) . 



We show here is that they form a group of symmetries of the equations defining inte- 
grability. They consequently appear as a group of automorphisms of the Yang-Baxter or 
tetrahedron equations. We will denote this group Aut. 

The existence of Aut drastically constrains the varieties where solutions may be found. In 
the general case, it has infinite orbits and gives severe constraints on the algebraic varieties 
which parametrize the possible solutions (genus zero or one curves, algebraic varieties which 
are not of the general type [§9|). In the non-generic case, when Aut has finite order orbits, 



the algebraic varieties can be of general type, but the very finiteness condition allows for 
their determination [[[]. 

In the framework of infinite group representations, it is crucial to recognize the essential 
difference between what these symmetry groups are for the Yang-Baxter equations and 
what they are for the higher dimensional tetrahedron and hyper-simplicial relations: the 
number of involutions generating our groups increases from 2 to 2 d ~ 1 when passing from 



1 In fact, fifty years ago, Lars Onsager was totally aware of the key role played by the star-triangle relation 
in solving the two-dimensional Ising model, but he preferred to give an algebraic solution emphasizing Clifford 
algebras @, 0. 
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two-dimensional to <i-dimensional models and the group jumps from the semi-direct product 
Z x Z 2 to a much larger group, i.e., a group with an exponential growth with the length of 
the word. 

The existence of Aut as a symmetry of the Yang-Baxter equations has the following 
consequence: we may say that solving the Yang-Baxter equation is equivalent to solving 
all its images by Aut. These images generically tend to proliferate, simply because Aut is 
infinite. Considering that the equations form an overdetermined set, it is easy to believe 
that the total set of equations is "less overdetermined" when the orbits of Aut are of finite 
order. One can therefore imagine that the best candidates for the integrability varieties are 
precisely the ones where the symmetry group possesses finite orbits: the solutions of Au-Yang 
et al. 



p0| . [31] , |32|| seem to confirm this point of view |33|, |34 
A contrario, if one gets hold of an apparently isolated solution, the action of Aut will 
multiply it until building up, in experimentally not so rare cases, a continuous family of 
solutions from the original one. This is the solution to the so-called baxterization problem jp. 

We first show that the simplest example of Yang-Baxter relation which is the star-triangle 
relation 
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has an infinite discrete group of symmetries generated by three involutions. 
These involutions are deeply linked with the so-called inversion relations |35|, |36|, |37|, |38| . 
which two-dimensional model. 

This analysis can be extended to the "generalized star-triangle relation" for Interaction 



aRound the Face models without any major difficulties [O, |39 



2 The star-triangle relations 
2.1 The setting 

We consider a spin model with nearest neighbour interactions on square lattice. The spins <jj 
can take q values. The Boltzmann weight for an oriented bond (ij) will be denoted hereafter 
by w(oi,o-j). The weights w{a,i,aj) can be seen as the entries of a q x q matrix. In the 
following we will introduce a pictorial representation of the star-triangle relation. An arrow 
is associated to the oriented bond (ij). The arrow from i to j indicates that the argument 
of the Boltzmann weight w is (ai,aj) rather than (o~j,o~i). This arrow is relevant only for 
the so-called chiral models fl30| , that is to say that the q x q matrix describing w is not 
symmetric. An interesting class of q x q matrices has been extensively investigated in the 



last few years [[30], |32], [31[| : the general cyclic matrices. It is important to note that we do 
not restrict ourselves to this particular class of matrices. 

The finite algebras we are lead to consider contain in particular Bose-Messner algebras, 



i.e. stuctures occurring in graph theory, and more precisely algebraic combinatorics [00 



The detailed relationship will not be explained here. The reader could compare paragraph 
5 of [||] and the definition of Bose-Messner algebra of association schemes in [^TJ ,page 44, 



and p]. 



Let us give the following non cyclic nor symmetric 6x6 matrix as another illustrative 
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example: 
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2.2 The relations 

We introduce the star-triangle equations both analytically^ and pictorially: 

wx(ax, cr) ■ w 2 (cr, a 2 ) ■ w 3 (a, a 3 ) = A Wi(<7 2 , a 3 ) ■ w^cti, a 3 ) ■ w 3 (ai, cr 2 ). 




(2) 



= (1) 1 



(stl.l) 



V) 

One should note that satisfying equation @ together with the relation (stl.2) obtained by 
reversing all arrows, is a sufficient condition for the commutation of the diagonal transfer 
matrices of arbitrary size M with periodic boundary conditions Tm(w2, w 2 ) and T^(W3, w 3 ): 



a 




Note that for cyclic matrices ( [p0| , [32"! ^TJ) the star-triangle relations (stl.l) and (stl.2) 
give the same equations since one exchanges (stl.2) and (stl.l) by spin reversal. 

One could obviously imagine many other choices for the arrows on the six bonds, however 
only three of them lead to the commutation of diagonal transfer matrices. We therefore have 
three systems of equations to study. For example, if the Boltzmann weights are given by 
the 6x6 matrix ([I]), these three systems of equations are respectively made of 20 different 
equations or 35 or 36. 



3 The Yang-Baxter relation for vertex models. 

We shall not get here into the arcanes of this relation, which appears in the theory of 



integrable models [15], the theory of factorizable S"-matrix in two-dimensional field theory, 



2 Since the Wi and Wi are homogeneous variables, there will always be a global multiplicative factor A 
floating around in the star-triangle equations. 
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the quantum inverse scattering method ||17|| , knot theory and has been given a canonical 
meaning in terms of Hopf algebras (quantum groups [|14], [T5|, £|4], |45|, |46|]) and the list is 
far from exhaustive. We just want to fix some notations for later use. 

We consider a vertex model on a two-dimensional square lattice. To each bond is associ- 
ated a variable with q possible states and a Boltzmann weight w(i,j, k, I) is assigned to each 
vertex 

I 

k 



In order to write the Yang-Baxter relation, the q A homogeneous weights w(i,j,k,l) are 
first arranged in a q 2 x q 2 matrix R: 



R ki = k,l). 



(3) 



The Yang-Baxter relation is a trilinear relation between three matrices R(l, 2), R(2, 3) and 
R(l,3): 

E ^(1,2)^(1,3)^(2,3)= £ ^(2,3)^(1,3)^(1,2). (4) 

The assignation @ is arbitrary and we may specify it by complementing the vertex with an 
arrow and attributing numbers to the lines 




With these rules relation (^) has the following graphical representation 





(5) 



The lines carry indices 1,2,3. 

Some especially interesting solutions depend on a continuous parameter called the "spec- 
tral parameter". The presence of this parameter is fundamental for many applications in 



physics, as for example the Bethe Ansatz method ||7| |TT|) I3> HH • O ne °f the main issues in 
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the full resolution of (|j) is precisely to describe what is this parameter and the algebraic va- 
riety on which it lives, although its presence may obscure the algebraic structures underlying 
the Yang-Baxter equation (the discovery of quantum groups was allowed by forgetting this 
parameter [|6[ [TJ|, The problem of building up continuous families of solutions from 

an isolated one, known as the baxterization [16], is made straightforward by our study. In- 



deed our results explain the presence of the spectral parameter in the solution of the equation 
(see also []J). 



4 The symmetry group of the star-triangle relation 
4.1 The inversion relation 

Two distinct inverses act on the matrix of nearest neighbour spin interactions: the matrix 
inverse / and the dyadic (element by element) inverse J. We write down the inversion 
relations both analytically and pictorially: 

J2w((Ti,a) ■ I(w)(a,a j ) = fi8 ai(Tj , (6) 



where 5 aiCTj denotes the usual Kronecker delta. 

w 

™ . £H . = and 

(Tj a o~j o~i = crj 



J{w){a u a 3 ) = 1. (7) 



J(w) 

The two involutions / and J generate an infinite discrete group T (Coxeter group) iso- 
morphic to the infinite dihedral group Z2 x Z. The Z part of T is generated by IJ. In the 
parameter space of the model, that is to say some projective space CP n _i (n homogeneous 
parameters), I and J are birational involutions. They give a non-linear representation of this 
Coxeter group by an infinite set of birational transformations [0J. It may happen that the 
action of T on specific subvarieties yields a finite orbit. This means that the representation 
of T identifies with the p-dihedral group Z 2 x Z p . 

4.2 The symmetries of the star-triangle relations 

The two inversions I and J act on the star-triangle relation. Let us give a pictorial repre- 
sentation of this action, starting from (stl.l) as an example: 
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The transformed equation reads: 

A ^2l(wx)(r,a 1 ) ■ W 2 (0-1,03) • W 3 (a-i,o- 2 ) = w 2 (t,<j 2 ) ■ w 3 (r,a 3 ) ■ J(w 1 )(a 2 ,a 3 ). (8) 

CTl 

We get an action on the space of solutions of the star-triangle relation. 

If (u>i, w 2 , w 3 ,Wi, w 2 , w 3 ) is a solution of eq(fj) (see picture (stl.l) for the specific arrange- 
ment of arrows), then (I(wi),w 3 ,w 2 , J(Wi),w 3 ,w 2 ) is also a solution of eq(0), at the price of 
a permitted redefinition of A. In this transformation, the weights w\ and W\ play a special 
role. 

At this point, it is better to formalize this action by introducing some notations. We 
may choose as a reference star-triangle relation ST, the symmetric configuration: 




(ST) 



Any configuration may be obtained by reversing some arrows and permuting some bonds. 
With evident notations, we will denote by R s i, R s2 , R s3 , i? t i, Rt 2 , Rt3 the reversals of arrows, 
and by -P S i,sj, -Psi,tj, -fti,tj the permutations of bonds. Moreover / and J act on the bonds 
as J s i, J S 2, . . . The action of / and J described above (where 1 was playing a special role) 
identifies with the action of 

£■1 — -Rs2-Rt3-^sl</tl-fs2,t3-Ps3,t2- (9) 

It is easy to check that /Ci is an involution. 

We may construct two similar involutions JC 2 and K, 3 , obtained by cyclic permutation of 
the indices 1, 2, 3. The involutions /Q(z = 1,2,3) verify the defining relations of the Weyl 
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group of an affine algebra of type A% ||49|| : 



(/d/C 2 ) 3 = (/C 2 /C 3 ) 3 = (/C3/CO 3 = 1. (10) 
We denote Aut the group generated by the three involutions /Q {i = 1, 2, 3). 

5 The symmetry group of the Yang-Baxter equation. 
5.1 The inversion relations. 

The i?-matrix appears naturally as a representation of an element of the tensor product 
A <S> A of some algebra A with itself. This algebra is a nice Hopf algebra in the context of 
quantum groups. We shall not dwell on this here but recall some simple operations on R. 
In A ® A we have a product inherited from the product in A: 

(a®b)(c® d) = ac®bd. (11) 

R is an invertible element of A® A for this product and we shall denote by I{R) the inverse 
for this product: 

R-I(R) = I(R)-R= (12) 
In terms of the representative matrix this reads: 

E R% J ( R )uv = « = E J TO R ul (is) 



This is nothing else but the so-called inversion relation for vertex models |35|, [36], |39|, |29 
On A® A we have a permutation operator a: 

a(a®b) = b® a, (14) 

(aR)Z = R% u , for the matrix R. (15) 

Note that the representation of a is just the conjugation by the permutation matrix P: 

PH = (16) 

<ri2 = PRP. (17) 

In the language of matrices we have a notion of transposition. Let us define partial 
transpositions t g and td by: 

(tgR)uv = Rivi (18) 

(t d R)Z = B%, (19) 

and the full transposition 

t = tgt d = t d tg. (20) 

We shall in the sequel use another inversion J defined by: 

J = tglt d = t d Itg, (21) 
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or equivalently: 



(22) 



These operators verify straightforwardly: 



a 



K) 2 



j =1, it = ti, jt = tj, 

t 2 = 1, al — la, a J = Ja, 
t d ) 



t, CFtgCFtd = 1. 



(23) 



Each of these operations has a graphical representation. For the inversion I or more precisely 
for al it is: 

u 







u 



V 



R 




(24) 



the inversion J reads: 



v V 



■ft 



P \ i 



a 




(25) 



and the transposition reads: 





i 


i 


/ k 


/ 


at d A 




j 



\a k 



Note that the two inversions I and J do not commute. They generate an infinite discrete 
group T, the infinite dihedral group, isomorphic to the semi-direct product Z x Z 2 . This 
group is represented on the matrix elements by birational transformations fl], |5l], ^| acting 
on the projective space of the entries of the matrix R. Remark that for the vertex models, 
the birational transformations associated to the two involutions I and J are naturally related 



by collineations (see (|21|): this should be compared with the situation for nearest neighbour 



interaction spin models [[j], 



5.2 The symmetries of the Yang-Baxter equations. 

At the price of the redefinitions: 

A = tR(2,3), 
B = at d R(l,3), 
C = R(l,2), 



(26) 
(27) 
(28) 



S 



we may picture the Yang-Baxter relation in a more symmetric way: 

1 





(29) 



We may bracket (|29| ) with 




where C = a 1(C). We get 




B 


V 


' / 


\ 












(30) 



that is to say 





(31) 



This relation is nothing but (p9|) after the redefinitions 



.4 
B 

C 



tgA, 

tdB, 

tl c. 



(32) 



We may denote by K 3 the operation fl3"2"|). We have two other similar operations K\ and K 2 

tl A K 2 



K x : A 
B 
C 



t g B 

t d c 



A 
B 
C 



t d A 
tl B 
t 9 C 



The discrete group Aut generated by the K^s (i = 1, 2, 3) is a symmetry group of the Yang- 
Baxter equations. These generators (i = 1,2,3) are involutions. The K^s satisfy the 
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relation (K1K2K3) 2 = 1. Actually, the operation K1K2K3 is just the inversion I on R. 
Among the elements of the discrete group generated by the K^s we have in particular: 



{K X K 2 



\2 . 



.4 
B 

C 



It git g A = tIJA, 



UIUIB 
C. 



tJIB, 



(33) 
(34) 
(35) 



Since I J is of infinite order, we have generated an infinite discrete group of symmetries. This 
is exactly the phenomenon that we described in section [O] for the star-triangle equations. 

Under this form it is not so evident to find the actual structure of the group. Let us 
introduce Ka, Kb and Kc, which are simply related to the K^s by the transposition of two 
vertices: 



A 
B 

C 



atlA 

tgOC 

at g B 



K 



B 



It is easily verified that: 
and 



K 2 



A 
B 

C 



K 2 

B 



atgC 
otIB 

tgOA 



K 2 



K, 



c 



A 
B 

C 



tgOB 
OtgA 

atlC 



{K A K B f = {K B K, 



c) 



1, 



(36) 



(37) 



with no other relations. We recover the affine Coxeter group A 2 we already encountered in 
section 1472 . 



We have here a very powerful instrument: it defines adequate patterns for the matrix 
R |54 ]. It permits the so-called baxterization of an isolated solution just acting with tIJ. 
Indeed if a set of relations among the entries of R are preserved by I J (or at least by tIJ), 
they will stay for every transforms of the initial Yang-Baxter relation. We shall illustrate in 
section |7. 1 . 1| the baxterization on the Baxter eight- vertex model |55], ^] and show in section 



7.1.2| how to introduce a spectral parameter for the solutions of the Yang-Baxter equations 
associated to sl(n) algebras. 



6 The tetrahedron equations and their symmetries. 

This equation is a generalization of the Yang-Baxter equation to three dimensional vertex 



models [25| ^4, 27fl. We give a pictorial representation of the three-dimensional vertex by 





n 




m 


i R 


/ I 


j 


k 



The Boltzmann weights of the vertex are denoted w(i, j, k,l,m,n) and may be arranged in 
a matrix of entries 

R\tn = w (hi,k,l,m,n). (38) 
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The tetrahedron equation has a pictorial representation: 

.3 




The algebraic form is 

-R123-R543-R516-R426 
We may here again introduce an inverse / 



-^426-^516-^543-^123- 



E 

a g ,a m ,a d 



->ctgCt m a d 



(Tf>y g imid . ft u 

±l/ )a g a m a d ±l, j g J m ]d 



5 l9 5 im 8 ld . 

3g Jm Jd 



We also introduce the partial transpositions t g , t m and t d with 



(4. p\*9 8 m l d 
\ L 9 Jl )jgj m jd 



(39) 
(40) 

(41) 



and similar definitions for t m and td- 
We redefine 



A — -R123, B — tdR543, C — t g t m R 5 iQ, D — ti?426, (42) 
where t is the full transposition t g t m t d - Equation (]39f) then takes the more symmetric form 

(43) 



\^ All%2lZ D»S14J3 SJ353116 r)34323S _ \^ 

si,...,s e n,...,re 



T-\r4V2re r^ir^rire jyr^rArz 4nr2r3 
-^14*2*6 ishje jsjth 313233 ' 



We may multiply the previous equation by (JA)^"-" 3 and {tlA)^^^ an d sum over (ii, i 2 , £3) 
and (ji, j 2 , J3). This amounts to a bracketing of the tetrahedron equations by two times the 
same vertex, in a procedure trivially generalizing the one for the Yang-Baxter equation fl30"|) . 
We recover (|43"D with A, B, C and D transformed by 



Ki : A 
B 
C 
D 



tIA 
t d B 
t m C 



(44) 



We have in a similar way the operations 



K 2 : A - 


*t d A 


K 3 : A - 


+ t g A 


K 4 : A - 


-> t A 


B - 


-> tIB 


B - 


+ t g B 


B - 


~* t m B 


C - 


+ t g C ' 


C - 


+ tIC ' 


C - 


^t d C 


D - 


+ t g D 


D - 


^t d D 


D - 


-> tlD 
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Each of these four operations is an involution. They satisfy various relations, for instance 
(Ki K 2 K 3 K 4 ) 2 = 1. The K^s generate a group Aut^ which is a symmetry group of the 
tetrahedron equations. This group is "monstrous" since the number of elements of length 
smaller than / is of exponential growth with respect to I, unlike the case of the affine Coxeter 
groups (as for the Yang-Baxter equation) where this number is of polynomial growth. 

The operations playing a role similar to the one of I and J in the two-dimensional Yang- 
Baxter equations are the four involutions 



J 



tgltmfdi 



K = t r 



.Itdfgi 



tdltnt 



(45) 



We call T 3 the group generated by these four involutions. T 3 is also a symmetry group for 
the three dimensional vertex model even if ]37| the model does not satisfy the tetrahedron 
equation. 

In order to precise the algebraic structure of the group T 3 generated by /, J, K and L, it 
is simpler to consider as generators two of the partial transpositions t g and td, I and the full 
transposition t. The third partial transposition can be recovered as the product tt g td and t 
commutes with all other generators and so contributes a mere Z 2 factor in the group. We 
are thus considering the Coxeter group generated by three involutions t g , £<j and /, with two 
of them commuting: this is represented by the following Dynkin diagram 



oo 



oo 



t r , 



td 



For this group again, the number of elements of length smaller than I is greater than 2 1 ^ 2 . 
This is in fact a hyperbolic Coxeter group 



7 Use of the symmetry group. 
7.1 The baxterization 

The problem of the baxterization is to introduce a spectral parameter into an isolated solution 
of the Yang-Baxter equations [pj. We have solutions of this problem by acting with the 
symmetry group T. 



7.1.1 Baxterization of the Baxter model 

Consider the matrix of the symmetric eight vertex model 



R 



Notice that this form is preserved by I and J and that tR = R. The action of I is 

a , b 



/ a 








d 


\ 





b 


c 










c 


b 







V d 








a 


) 



(46) 



a 



a 2 -d 2 

— c 
b 2 - c 2 



b 
d 



b 2 -c 2 

-d 



d 2 



(47) 
(48) 



and the action of J is 
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We shall look at the solutions of the Yang-Baxter equations for matrices R of the form (|46|) . 
The leading idea is that the parametrization of the solutions is just the parametrization 
of the algebraic varieties preserved by tIJ in the projective space CP3 of the homogenous 
parameters (a,b,c,d). The remarkable fact is that not only these varieties exist but can be 
completely described. We use the visualization method we have already used Jl], ||] for spin 
models, that is to say just draw the orbits obtained by numerical iteration and look. 

This is best illustrated by figure 1. This figure shows the orbit of point (*), which is a 
matrix of the form fl46[). It is drawn by the iteration of I J acting on the initial point (*). The 
resulting points densify on the elliptic curve given by the intersection of the two quadrics 
Ai = constant and A 2 = constant (Clebsch's biquadratic), with Ai and A 2 the T invariants 



Ax 
A 2 



a 2 + b 2 - c 2 - d 2 



ab 



ab + cd 
■ cd 



ab + cd 

Similar calculations can be performed for a general 16-vertex model for which: 



(51) 



R 



( ai a 2 h b 2 \ 

03 04 63 64 

ci c 2 d\ d 2 

\c 3 c 4 d 3 d 4 J 



(52) 



Amazingly the baxterization of the 16-vertex model leads to curves. These curves are 
also intersection of quadrics (even in the general case for which their is no solution for the 
Yang-Baxter equations), and lead to a remarkable elliptic parametrization of the model ||. 



7.1.2 Baxterization of the R matrix of sL 



n) 



Another example corresponds to the baxterization of solutions associated to sl(n 




bras 



There are special solutions generally denoted R + and 



alge- 

For the simplest 



four- dimensional representation of the sl(2) case, we have 



Ra 



( q 








°\ 





1 


q-q- 1 











1 





V 








q J 



(53) 



and a similar expression for /?_ [IS]. Looking for a family containing both R + and R- 
our baxterization procedure leads to the well-known (ll| six-vertex model i?-matrix R = 
XR + + 1/XR^. 

We let as an exercise for the reader to treat the sl(3) case. In a forthcoming publication 
we will show that these ideas can be generalized to all the universal i?-matrices |15| for 
every representation [57]. This group appears in field theory, in the analysis of classical 
i?-matrices |58[ . 
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7.1.3 q root of unity 



One of the most studied cases of quantum group is obtained when the parameter q is a root 
of unity. The structure of the representation theory is then extremely rich and differs from 
the generic one. 

Proposition: q n = 1 is equivalent to: the orbit of T is finite. 



This applies even if the parameter q is not defined (e.g. in the elliptic case). See |57 



7.2 Three dimensional models 

Our strategy for finding solutions of the tetrahedron equations is to seek for patterns of the 
Boltzmann weights of the three dimensional vertex compatible with the symmetry group T 3 . 
By this we mean that its form should be preserved by T 3 . 



7.2.1 A first model 

We will therefore consider a simple model where i, j, k, I, m and n take only two values +1 
and —1. The matrix (^) is an 8 x 8 matrix. We will require that its pattern is invariant 
under the inverse I [Q] and the various partial transpositions t g , t m and td- We aim at having 
a generalization of the Baxter eight- vertex model and we impose the following restrictions: 

w(i,j,k,l,m,n) = w(—i,—j,—k,—l,—m,—n), (54) 
w(i, j, k,l,m,n) = if ijklmn = — 1. (55) 

These constraints amount to saying that the 8x8 matrix splits into two times the same 
4x4 matrix. It is further possible to impose that this matrix is symmetric since, in this 
case, t g R (and any other partial transpose) is also symmetric. Let us introduce the following 
notations for the entries of the 4x4 block of the R matrix 



/ a 




d 2 


d 3 


\ 


di 


h 


c 3 


c 2 




d 2 


c 3 


b 2 


Cl 




V d 3 


c 2 


Cl 


63 





(56) 



The four rows and columns of this matrix correspond to the states (+,+,+), (+,—,—), 
(— , +, — ) and (— , — , +) for the triplets k) or (I, m, n). The i?-matrix can be completed 
by spin reversal, according to the rule (|54|) . t g simply exchanges c 2 with d 2 and c 3 with d 3 , 
t m and td can be similarly defined and / acts as the inversion of this 4x4 matrix. 

For this three dimensional model, the coefficients of the characteristic polynomial of the 
4x4 matrix flSED give a good hint for invariants under T 3 . They are 

a[ 3d) = a + h + h + b-,, (57) 
af d) = a(b 1 +b2 + b 3 ) + b 1 b 2 + b 2 b 3 + b 3 b 1 -(c 2 1 + cl + cl + d 2 1 + d 2 2 + d 2 3 ), (58) 

Since * s invariant by t g , t m amd td and takes a simple factor (the inverse of the determi- 
nant) under the action of I, the variety o~2 = zs invariant under T 3 . Given the hugeness 
of the group T 3 , it is already an astonishing fact to have such a covariant expression. In fact 
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we can exhibit five linearly independent polynomials with the same covariance, which give 
four invariants, as follows: 

ah + b 2 b 3 - c\ - d\, c 2 d 2 - c 3 d 3 , (59) 

and the ones deduced by permutations of 1, 2 and 3. They form a five dimensional space of 
polynomials. Any ratio of the five independant polynomials is invariant under all the four 
generating involutions. In other words CPg is foliated by five dimensional algebraic varieties 
invariant under T 3 . 

To have some flavour of the possible (integrable ?) algebraic varieties invariant under T 3 , 
we study its orbits |2| . We start with the study of the subgroup generated by some infinite 
order element namely IJ. This element gives a special role to axis 1. The transformation IJ 
does preserve the symmetry under the exchange of 2 and 3. If the initial point is symmetric 
under the exchange of 2 and 3, the orbit under I J is thus a curve. Other starting points 
lead to orbits lying on a two dimensional variety given by the intersection of seven quadrics 
(see figure 2,3,4). However, what we are interested in are the orbits of the whole T 3 group. 
The size of this group prevent us from studying exhaustively the full set of group elements 
of a given length even for quite small values of this length. We have nevertheless explored 
the group by a random construction of typical elements of increasingly large length Q. This 
confirms that we generically only have the four invariants described previously. 
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7.2.2 A second model 



We also consider a simple model where i, j, k, I, m and n take only two values +1 and —1 
and which is also a generalization of the Baxter eight vertex model. The Boltzmann weights 
w(i, j, k, I, m, n) are given by: 

w(i,j,k,l,m,n) = f{i,j,k) 5\ 5 j m 5 k n + g(i,j,k) SL m 5 k _ n (60) 

f(hj, k) = f(-i, -j, -k) and g(i,j, k) = g(-i, -j, -k) (61) 



Equations fl6~T|) are symmetry conditions reducing the numbers of homogeneous parameters 
from 16 to 8. 

As for the previous model, there exists an invariant of the action of the whole group r 3 : 
/(+, +, +)/(+, - -)/(-, +, -)/(- - +) m 

9{+,+,+)g{+,-,-)9{-,+,-M-,-,+) 

Considering the subgroup of T 3 generated by the infinite order element IJ, one can easily 
find other invariants, namely 

/(+,+,+)/(+, -j^ (63) 



g(+,+,+)g(+ 

and 

/(+, +, +) 2 + /(+, -, -) 2 - g(+, +, +) 2 - g(+, 



g(+,+,+)g(+,-,-) 

For this model H, the trajectories under IJ are curves in CP7. 



? 

- (64) 



8 Conclusion 

An important problem in statistical mechanics and field theory, is the understanding of 
the role of the dimension of the lattice on both the algebraic aspects and the topological 
aspects. All this touches various fields of mathematics and physics: algebraic geometry, 
algebraic topology, quantum algebra. Indeed the Coxeter groups we use are at the same 
time groups of automorphisms of algebraic varieties, symmetries of quantum Yang-Baxter 
equations (and their higher dimensional avatars). They also provide an extension to several 
complex variables functions of the notion of the fundamental group Yli of a Riemann surface, 
with of course a much more involved covering structure B7I, 0] . 



We believe moreover that the space of parameters seen as a projective space is the appro- 
priate place to look at, if one wants to substantiate the deep topological notion embodied in 



the notion of Z-invariance p2| and free the models from the details of the lattice shape. 

Actually, we have exhibited an infinite discrete symmetry group for the Yang-Baxter 
equations and their higher dimensional generalization acting on this parameter space. This 
group is the Coxeter group A% (semi-direct product of Z x Z by some finite group). We 
have shown that this symmetry is responsible for the presence of the spectral parameter. In 
other words, the discrete symmetry gives rise to a continuous one (see M). A similar study 
for the generalized star-triangle relation of the Interaction aRound a Face model, sketched 
in [39(1, can be performed rigorously along the same lines, leading to the same result. Also 



note that the same groups generated by involutions appear in the study of semi-classical 
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r-matrices [j58|| . An interesting point will be to exhibit the action of our symmetry group on 
the underlying quantum group for the Yang-Baxter equations |57| . 

Our symmetry group is a group of automorphisms of the integrability varieties. This 
should give precious informations on these varieties. In particular one should decide if, up to 
Lie groups factors (which cannot be excluded because of the existence of "gauge" symmetries, 
weak graph duality |5l| , ...), these varieties can be anything else than abelian varieties, 
or even product of curves: can they be for example K 3 surfaces, are they homological 
obstructions to the occurence of anything but curves ? 

For three-dimensional vertex models, the symmetry group, though generalizing very nat- 
urally the previous group (generated by four involutions with similar relations) is drastically 
different: it is so "large" H that the chances are quite small that it leaves enough room for 
any invariant integrability varieties. It is not useless to recall the unique non-trivial known 
solution of the tetrahedron equations (Zamolodchikov's solution) ]2S|, |23], P7| . For this model 



the three axes are not on the same footing, so that we do not have a "true" three dimensional 
symmetry for the model (two-dimensional checkerboard models coupled together). Is there 
still any hope for a three-dimensional exactly solvable model with genuine three-dimensional 
symmetry! We think that the group of symmetries we have described gives the best line of 
attack to this problem. We will show that T 3 and even more Aut^ are generically too "large" 
to allow any non-trivial solution of the tetrahedron equations with genuine three dimensional 
symmetry pTI . 
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